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Modern space situational awareness entails the detection, tracking,
identification, and characterization of resident space objects. Characterization
is typically accomplished through the use of ground and space based sensors
that are able to identify some specific physical feature, monitor unique dy-
namical behaviors, or deduce some information about the material properties
of the object. The present investigation considers the characterizaiton aspects
of situational awareness from the perspective of a close-proximity formation
reconnaissance mission. The present study explores both relative translational
and relative rotational motion for deployment of a spacecraft and observation
of a resident space object. This investigation is motivated by specific situ-
ations in which characterization with ground or fixed space based sensors is
insufficient. Instead, one or more vehicles are deployed in the vicinity of the
object of interest. These could be, for instance, nano-satellites with imaging
sensors. Nano-satellites offer a low-cost and effective technological platform,
vi
which makes consideration of the proposed scenario more feasible. Although
the motivating application is rooted in space situational awareness, the tech-
niques explored are generally applicable to flight in the vicinity of asteroids,
and both cooperative vs. non-cooperative resident space objects. The in-
vestigation is initially focused on identifying the key features of the relative
dynamics that are relevant to space situational awareness applications. Sub-
sequently, effective spacecraft control techniques are considered to achieve the
reconnaissance goals.
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Chapter 1
Introduction
The present investigation considers reconnaissance or observation of
resident space objects, for characterization applications, via a formation of
nano-satellites. The advantages of the nano-satellite formation platforms in-
clude lower costs, failure tolerance, higher redundancy, higher resolution, and
the ability to view an object from multiple angles. Past formation flight con-
cepts, that gained much popularity in their time, include NASA’s Terrestrial
Planet Finder and the Air Force TechSat-21 mission. [1, 2] More recent con-
cepts include the Magnetospheric Multiscale Mission. [3]
The Two-Body Problem (2BP) offers a suitable dynamical framework
from which to consider the relative formation dynamics for reconnaissance
applications. The two primary aspects to consider are translational and ro-
tational dynamics and control, the latter being significant in reconnaissance
applications when imaging sensors require precise pointing during observa-
tion periods. For translational dynamics, control strategies may consider, for
instance, linear quadratic regulators, [4], and non–linear Lyapunov based con-
trol, [5]. Both a linear and non–linear controller are considered in the present
study for translational formation control.
Recently the literature has explored close proximity operations of rigid
body spacecrafts. [6–9] Often relative motion in a rotating frame orbiting Earth
concerns translational motion of the center of mass of a spacecraft. Instead, a
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study can explore relative rotational motion and observe relatively close rigid
bodies while in orbit instead of using said spacecraft to observe towards or
away from the Earth. The motivation for such observational dynamics is to
explore a foreign object near Earth that cannot be effectively characterized
from Earth’s surface. A foreign object could be an asteroid, an unfriendly
spacecraft, or an unstable, yet potentially recoverable friendly spacecraft.
The logistical overview for rigid body observation is to first position
the observing spacecraft in a useful relative orbit for observation, then orient
the spacecraft’s attitude for rotational motion such that the foreign object is
observed, track its rotational motion, then rendezvous if desired. This thesis
concerns itself only with rigid body observation of a general foreign object and
leaves rigid body rendezvous as future work.
1.1 Scope of Present Work
1.1.1 Definitions of General Terms
Chief and Deputy spacecraft terminology implies modeling the dy-
namics of spacecraft with respect to a reference point in some frame. In this
thesis, the reference point is the origin of the rotating Local-Vertical-Local-
Horizon (LVLH) frame. There is only one Chief spacecraft and one Deputy
spacecraft in this thesis for simplicity, though an analysis could potentially
have more Chiefs and Deputies. Instead of placing the Chief at the origin of
the LVLH frame and the Deputy in a relative orbit, this study re-defines the
Chief and Deputy to incorporate a third object - the Foreign Object. The
Chief is assumed to be on a specific stable orbit described in depth, so its
trajectory from one stable orbit to another is called a repositioning trajectory.
The Deputy will move from the Chief to a marginally stable orbit using one of
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two comparable controllers, so its trajectory is called a deployment trajectory.
Both the Chief and Deputy observe the Foreign Object.
Foreign Object is an unknown object of interest for observation that
for simplicity is centered at the origin of the LVLH frame. The LVLH frame
can be designed such that the Foreign Object is always centered at the origin.
If the Foreign Object is rotating at a rate different than the LVLH frame, then
enough periodic orbits are employed of the Chief and Deputy for observation
of the Foreign Object to reach full coverage. If the Foreign Object is rotating
at the same rate as the LVLH frame, then multiple deployable Deputies are
needed. Multiple Deputy deployment and coverage of specific points or sur-
faces of the Foreign Object is not addressed in this thesis. Assume enough
periodic orbits are employed for full coverage and the Foreign Object is rotat-
ing at a different rate than the LVLH frame.
Two-Body Problem (2BP) means the dynamics of two bodies with
mass where the only force is gravity acting between them. The dynamics
will either be specified as linear or non–linear. In this thesis, one body, the
spacecraft, is much smaller in mass than the second body, the Earth, and thus
only the gravitational force from Earth is considered for the dynamics.
1.1.2 Organization of Thesis
The thesis is organized to solve the problem of deploying and observing
in the 2BP as follows. Initially, a brief research context is given in Chapter
1, then a background is provided in the relevant dynamics in Chapter 2. The
organization of Chapters 3, 4, and 5 is operationally sequential. The analy-
sis looks at the Chief and Deputy’s trajectories (Chapter 3), controllers for
marginally stable translational motion (Chapter 4), and observation of a For-
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eign Object (Chapter 5). Finally the thesis concludes in Chapter 6. In more
detail,
• Chapter 2 describes the necessary background or foundation to under-
stand the thesis assuming a general engineering reader. Presented are
the reference frames used in this thesis, the equations of motion for
translational and rotational 2BP dynamics, and basic stability in linear
systems.
• Chapter 3 Two-Body Problem Trajectories: Chapter 3 analyzes the tra-
jectories of the Chief repositioning from an initial to a final orbit and the
Deputy deploying to a relative to the Chief position where a controller is
activated. The details of the Deputy controller is elaborated in Chapter
4. The goal of this chapter is to provide an qualitative understanding of
the linear 2BP trajectories useful for observation of a Foreign Object.
• Chapter 4 Two-Body Problem Controllers: After developing an quali-
tative understanding of the linear 2BP dynamics of Chief repositioning
trajectories and Deputy deployment trajectories (Chapter 3), Chapter 4
analyzes how to control the Deputy orbit with respect to the Chief with
a comparison between an approximate linear Floquet controller and the
exact non–linear impulsive controller that minimizes ∆v in the 2BP. The
Floquet controller is modeled using the Hill-Clohessy-Wiltshire (HCW)
equations of motion and implemented in the non–linear equations of mo-
tion of the 2BP. The goal of Chapter 4 is to determine the usefulness of
the linear Floquet controller for observation in Chapter 5.
• Chapter 5 Two-Body Problem Observation: Chapter 5 describes the
non–linear, rigid body 2BP dynamics of observing a Foreign Object at
4
the origin of the LVLH frame. The goal of this chapter is to utilize a prac-
tical controller’s marginally stable orbit for a qualitative understanding
of observations. An orbit is discovered with observation advantages, but
with an unbounded drawback depending on initial conditions. Before the
observation, the Floquet controller was activated described in Chapter
4 which was after an appropriate trajectory described in Chapter 3.
• Chapter 6 makes overall concluding remarks and proposes possible future
direction. Our reader was presented with an analytical and geometric un-
derstanding of repositioning, deployment, controllers, and observation.
The research finally suggests the best operational mission plan stage by
stage.
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Chapter 2
Background
2.1 General Two-Body Problem
2.1.1 Assumptions
• The gravitational force in the 2BP is Newtonian.
• Model the Earth as a sphere which neglects perturbations from Earth’s
oblateness (J2), atmosphere, etc. A mass of sphere shape can be treated
similarly to a point mass.
• Both spacecrafts, the Chief and Deputy, will be considered as simple,
axis-symmetric rigid bodies, i.e. cubes.
• Both spacecrafts’ mass is much smaller than the mass of the Earth, that
is mChief ,mDeputy << mEarth.
• Since the spacecrafts’ mass are very small, the gravitational parameter
can be approximated as
µ = G(µEarth + µspacecraft)
≈ G(µEarth)
where G = G(µ) is the gravitataional constant and thus µ = 3.986 ×
105 km3/s2.
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2.1.2 Definitions of Coordinate Frames
The coordinate frames used in this research are illustrated in Figure
2.1 and described afterward.
xˆC
xˆD
xˆF
zˆC
ZˆI
−YˆI
zˆF
XˆI
−yˆF
zˆL
xˆL
−yˆL
rL
yˆC
yˆD
zˆD
ρi
C/L
ρC/L
ρD/L
ρi
D/L
ρD/C
Figure 2.1: Inertial frames centered at Earth XˆI–YˆI–ZˆI , the LVLH xˆL–yˆL–
zˆL frame, and the body fixed frames of the Foreign Object xˆF–yˆF–zˆF , Chief
xˆC–yˆC–zˆC , and Deputy xˆD–yˆD–zˆD.
• All frames are Cartesian and right-handed.
• The inertial frame XˆI–YˆI–ZˆI , usually referred to as the Earth-Centered
Inertial (ECI) frame, is centered at the gravitational body the Earth
and is assumed to be fixed, i.e. the frame is not rotating or translating.
However, the Earth in reality is rotating and translating with respect to
the Sun, but it can safely assumed this motion is non-consequential to
the relative motion of the spacecrafts. This study assumes a 2BP so the
direction of the unit vector XˆI is arbitrary but in the equatorial plane,
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the unit vector ZˆI is normal to the equatorial plane in the north direction
which is also arbitrary for the 2BP, and the unit vector YˆI completes
the frame.
• The Local-Vertical, Local-Horizontal (LVLH) frame xˆL–yˆL–zˆL is a ro-
tating coordinate system that is centered at the Foreign Object. The
radial direction xˆL is directed from the center of the Earth to the For-
eign Object. The normal direction to the orbital plane of the Foreign
Object is the unit vector zˆL or in the direction of the instantaneous an-
gular momentum vector and the unit vector yˆL completes the frame.
The LVLH is aligned and centered by convenience and simplicity with
the body fixed Foreign Object frame xˆF–yˆF–zˆF .
• The body fixed frames of the Chief xˆC–yˆC–zˆC and Deputy xˆD–yˆD–zˆD
are centered at the center of mass and aligned for convenience with the
principle moments of inertia of the axis-symmetrical Chief and Deputy
spacecrafts, respectively.
• The body fixed frame of the Foreign Object xˆF–yˆF–zˆF is also centered
at the center of mass and aligned with the principle moments of inertia.
The Foreign Object frame is of little consequence in this thesis because
the Chief or Deputy do not observe a point on the Foreign Object, merely
the origin of the LVLH frame and by design the center of mass of the
Foreign Object.
2.1.3 Equations of Motion
The following notation is used throughout this thesis to refer to the
origin of the LVLH frame, and the center of the mass of the Foreign Object,
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the Chief, and the Deputy. The frame will be specified for given quantities.
• ˙(·) = d
dt
(·) and (¨·) = d2
d2t
(·) are, respectively, the first and second deriva-
tives of time.
• (·)0 and (·)f are associated with respectively the initial and the final
position or velocity depending on context.
• (·)α/β is associated with the relative position or relative velocity of object
α with respect to object β.
• (·)L = LVLH frame: is defined at the origin for the reference orbit, i.e.
the equatorial, circular orbit around Earth.
• (·)F = Foreign Object: is defined at the center of mass of the Foreign
Object and for simplicity the origin of the LVLH frame.
• (·)C = Chief and (·)D = Deputy: are defined at the center of mass of the
Chief and Deputy.
2.1.3.1 Non–Linear Equations of Motion
The well–known, non–linear equations of motion for the 2BP in the
LVLH frame are
x¨− 2f˙Ly˙ − f¨Ly − f˙ 2Lx = −
µ(rL + x)
[(rL + x)2 + y2 + z2]3/2
+
µ
r2L
(2.1)
y¨ + 2f˙Lx˙+ f¨Lx− f˙ 2Ly = −
µy
[(rL + x)2 + y2 + z2]3/2
(2.2)
z¨ = − µz
[(rL + x)2 + y2 + z2]3/2
(2.3)
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which will be used for both the Chief and Deputy translational dynamics. The
reference orbit of the LVLH frame is integrated simultaneously with the radial
distance from the center of the Earth rL and the instantaneous angle measured
from the periapsis fL
r¨L = rLf˙
2
L −
µ
r2L
(2.4)
f¨L = − 2r˙Lf˙L
rL
(2.5)
However, this study assumes a simplification. The reference orbit is a circular
orbit which changes the following Equations 2.4 and 2.5 to
r¨L = rLθ˙
2
L −
µ
r2L
(2.6)
f¨L = 0 (2.7)
where θL = fL is the angle measure from the x-axis of the inertial frame
XˆI–YˆI–ZˆI . Additionally, because the reference orbit is circular, θ˙L = n =√
µ/r3L which is the constant rotation rate of the reference orbit and thus its
acceleration is θ¨L = 0.
It is often useful to normalize equations of motion for numerical errors
from using large or small numbers. In this thesis, the non–linear equations of
motion are normalized as follows. The normalization factors are
dnorm = aL = rL = 6378.1 + 300 km/du (2.8)
tnorm =
√
a3L
µ
=
√
r3L
µ
= 864.391982 s/tu (2.9)
which implies 1 du = 6678.1 km, 1 tu = 864.391982 s, and
vnorm = dnorm/tnorm = 7.725777 (km/du)/(s/tu) (2.10)
= 7.725777 (km/s)/(du/tu) (2.11)
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The general non–linear equations of motion integrated state X(0) is normalized
to
X(0) =
[rL/dnorm r˙L/vnorm fL f˙L × tnorm . . .
x/dnorm y/dnorm z/dnorm x˙/vnorm y˙/vnorm z˙/vnorm]
T
with a gravitational parameter unity µ = 1. For a circular reference orbit, the
normalized state is modified
X(0) = [x/dnorm y/dnorm z/dnorm x˙/vnorm y˙/vnorm z˙/vnorm]
T (2.12)
For this thesis, figures will be given in metric units instead of normalized units
for convenience. The controllers and integration of any equations of motion
use normalized units.
2.1.3.2 Linear Equations of Motion
The linear equations of motion for the 2BP or the Hill–Clohessy–
Wiltshire (HCW) equations of motion in the LVLH frame are
x¨− 2ny˙ − 3n2x = 0 (2.13)
y¨ + 2nx˙ = 0 (2.14)
z¨ + n2z = 0 (2.15)
where n =
√
µ/r3L for the HCW equations of motion. [10] A simple derivation
for these equations of motion can be found in Appendix A. An analytical
solution to the HCW equations of motion is given as
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x(t) = 4x(0) +
2y˙(0)
n
+
x˙(0)
n
sin(nt)−
(
3x(0) +
2y˙(0)
n
)
cos(nt) (2.16)
y(t) = − (6nx(0) + 3y˙(0))t+ y(0)− 2x˙(0)
n
+
(
6x(0) +
4y˙(0)
n
)
sin(nt)
+
2x˙(0)
n
cos(nt) (2.17)
z(t) =
z˙(0)
n
sin(nt) + z(0) cos(nt) (2.18)
x˙(t) = x˙(0) cos(nt) + (3x(0)n+ 2y˙(0)) sin(nt) (2.19)
y˙(t) = − (6nx(0) + 3y˙(0)) + (6x(0)n+ 4y˙(0)) cos(nt)− 2x˙(0) sin(nt) (2.20)
z˙(t) = z˙(0) cos(nt)− z(0)n sin(nt) (2.21)
Quickly notice the secular term of y(t), Eq.2.17, which implies a constraint on
the initial state of a spacecraft for bounded motion, that is
y˙(0) = −2nx(0) (2.22)
In this thesis, the HCW (linear) equations of motion are normalized
similar to the non–linear equations of motion and use the same normalization
factors dnorm, tnorm, and vnorm and gravitational parameter as unity µ = 1.
The rotation rate of the reference orbit is normalized as
n =
√
µ
r3L
× tnorm
=
√
µ
r3L
×
√
a3L
µ
= 1 1/tu
The HCW equations of motion integrated state X(0), similar to Equation 2.12,
is normalized to
X(0) = [x/dnorm y/dnorm z/dnorm x˙/vnorm y˙/vnorm z˙/vnorm]
T
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It is convenient to represent the solution to the HCW equations of
motion Equations 2.16–2.21 in matrix form
r(t) = Φrr(t)r0 + Φrv(t)v0 (2.23)
v(t) = Φvr(t)r0 + Φvv(t)v0 (2.24)
where:
• r0 is the initial position,
• v0 is the initial velocity after the initial ∆v is applied,
• Φrr(t) =
 4− 3 cos(nt) 0 06(sin(nt)− nt) 1 0
0 0 cos(nt)
,
• Φrv(t) =
 1/n sin(nt) 2/n(1− cos(nt)) 02/n(cos(nt)− 1) 1/n(4 sin(nt)− 3nt) 0
0 0 1/n sin(nt)
,
• Φvr(t) =
 3n sin(nt) 0 06n(cos(nt)− 1) 0 0
0 0 −n sin(nt)
, and
• Φrv(t) =
 cos(nt) 2 sin(nt) 0−2 sin(nt) 4 cos(nt)− 3 0
0 0 cos(nt)

2.1.3.3 Non–Linear Coupled Translation and Rotation Rigid Body
Equations of Motion
Segal and Gurfil determined the dynamical equations of motion for two
arbitrary points on two rigid bodies in a LVLH frame that coupled translational
and rotational motion. [11] (or the corrected [12]) In our case, the points are
at the origin of the LVLH frame or center of mass of the Foreign Object to the
Chief or Deputy. For our application for this thesis, these equations of motion
will be modified. Originally, the equations, which are modified for this thesis’
notation, are
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x¨ij − ωy(ωxP iy1 − ωyP ix1) + ωz(ωzP ix1 − ωxP iz1)− ω˙yP iz1 + ω˙zP iy1
−2f˙L(y˙ij − ωzP ix1 + ωxP iz1)− f¨L(yij − P iy1 + P jyL)− f˙ 2L(xij − P ix1 + P jxL)
=
−µ(rL + xij − P ix1 + P jxL)
[(rL + xij − P ix1 + P jxL)2 + (yij − P iy1 + P jyL)2 + (zij − P iz1 + P jzL)2]3/2
+
µ
r2L
(2.25)
y¨ij − ωz(ωzP iz1 − ωzP iy1) + ωx(ωxP iy1 − ωyP ix1)− ω˙zP ix1 + ω˙xP iz1
+2f˙L(x˙
ij − ωyP iz1 + ωzP iy1) + f¨L(xij − P ix1 + P jxL)− f˙ 2L(yij − P iy1 + P jyL)
=
−µ(yij − P iy1 + P jyL)
[(rL + xij − P ix1 + P jxL)2 + (yij − P iy1 + P jyL)2 + (zij − P iz1 + P jzL)2]3/2
(2.26)
z¨ij − ωx(ωzP ix1 − ωxP iz1) + ωy(ωyP iz1 − ωzP iy1)− ω˙xP iy1 + ω˙yP ix1
=
−µ(zij − P iz1 + P jzL)
[(rL + xij − P ix1 + P jxL)2 + (yij − P iy1 + P jyL)2 + (zij − P iz1 + P jzL)2]3/2
(2.27)
where:
• (·)i is for the observation tool on either the Chief or Deputy in the LVLH
frame, (·)j is for a point of interest on the Foreign Object but is the origin
of the LVLH frame so the subscript is dropped, and (·)ij is the relative
vector.
• (·)1 = (·)C or (·)D is associated with the Chief or Deputy in the Chief or
Deputy body fixed frame, not the LVLH frame. More specifically,
– PjL = (P
j
xL, P
j
yL, P
j
zL) is the position of the point of interest on the
Foreign Object,
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– Pi1 = (P
i
x1, P
i
y1, P
i
z1) is the position of the observation tool on the
Chief or Deputy from their respective center of masses in the Chief
or Deputy body fixed frame,
– ρij = (xij, yij, zij), ρ˙ij = (x˙ij, y˙ij, z˙ij), and ρ¨ij = (x¨ij, y¨ij, z¨ij) are
respectively the position, velocity, and acceleration of the observa-
tion tool from the point of interest on the Foreign Object in the
LVLH frame.
• ω = (ωx, ωy, ωz) is the rigid body rotation rate of the Chief or Deputy
in the LVLH frame.
These equations of motion are further modified by including the simplification
of the circular reference orbit and by dropping the subscript j and references to
the rigid body of the Foreign Object at the origin of the LVLH frame because
the observation is of the origin of the LVLH frame or the center of mass of the
Foreign Object. Thus, the non–linear coupled translation and rotation rigid
body equations of motion for the 2BP in the LVLH frame are
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x¨i − ωy(ωxP iy1 − ωyP ix1) + ωz(ωzP ix1 − ωxP iz1)− ω˙yP iz1 + ω˙zP iy1
−2n(y˙i − ωzP ix1 + ωxP iz1)− n2L(xi − P ix1)
=
−µ(rL + xi − P ix1)
[(rL + xi − P ix1)2 + (yi − P iy1)2 + (zi − P iz1)2]3/2
+
µ
r2L
(2.28)
y¨i − ωz(ωzP iz1 − ωzP iy1) + ωx(ωxP iy1 − ωyP ix1)− ω˙zP ix1 + ω˙xP iz1
+2n(x˙i − ωyP iz1 + ωzP iy1)− n2L(yi − P iy1)
=
−µ(yi − P iy1)
[(rL + xi − P ix1)2 + (yi − P iy1)2 + (zi − P iz1)2]3/2
(2.29)
z¨i − ωx(ωzP ix1 − ωxP iz1) + ωy(ωyP iz1 − ωzP iy1)− ω˙xP iy1 + ω˙yP ix1
=
−µ(zi − P iz1)
[(rL + xi − P ix1)2 + (yi − P iy1)2 + (zi − P iz1)2]3/2
(2.30)
2.2 Stability of Linear Systems
A dynamical system of equations f = f(t) can be linearized to take the
form of
X˙(t) = A(t)X(t) (2.31)
where X(t) and X˙(t) is a 6×1 vector state and derivative of the state of position
and time, and A(t) = ∂f/∂X is a matrix evaluated at the state X(t). [13] A(t)
can be a constant matrix A(t) = A if the linearization is about an equilibrium
state X(t) = Xeq. The linearized system of equations of Equation 2.31 at an
equilibrium state can be analytically solved with the guess
X(t) = ceλt (2.32)
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where c is a vector of constants that are a function of initial conditions of the
system of equations and λ is the eigenvalue. Substitute Equation 2.32 into
Equation 2.31, to get the eigenvalue problem
Ac = λc (2.33)
Thus, Equation 2.32 is a solution to Equation 2.31 if and only if λ = λ1, · · · , λn
are the eigenvalues of the matrix A. The solution for the eigenvalues is found
by determining the characteristic equation
|A− λI| = 0 (2.34)
which in expanded, polynomial form is
anλ
n + an−1λn−1 + · · ·+ a1λ+ a0 = 0 (2.35)
where a are the polynomial coefficients that are a function of A. The n roots
of the characteristic equation, Equation 2.35, are the eigenvalues λi which
determine stability of the system of equations of Equation 2.31. An eigenvalue
is in general complex form as
λi = a+ bi (2.36)
where a is the real part and b is the imaginary part of λi. The fundamental
result for an n order characteristic equation is that an equilibrium solution is
stable if and only if the real parts a are non-positive a ≤ 0. If the real parts of
the roots are all negative, then the equilibrium point is asymptotically stable.
If even one of the roots has a positive real part, then the point is unstable.
The contribution of each eigenvalue λi to the system of equations’ stability is
as follows
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• If ai < 0, then λi is stable.
• If ai > 0, then λi is unstable.
• If ai = 0, then λi is marginally stable.
If an eigenvalue repeats, the solution X(t) to the system of equations gives
rise to an unbounded secular term making the system unstable. In this thesis,
only marginally stable and repeating eigenvalues are found.
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Chapter 3
Two-Body Problem Trajectories
There are two types of trajectories of interest in this 2BP analysis: Chief
repositioning trajectories and Deputy deployment trajectories. The goal is to
analytically and geometrically understand and design trajectories to observe
the Foreign Object at the origin of the LVLH frame. This chapter uses the
linearized HCW equations of motion Equations 2.13–2.15 which have an exact
solution presented in Equations 2.16–2.21 all in the LVLH frame. In practice,
Chief and Deputy trajectories are near the origin of the LVLH frame or the
Foreign Object, so this approximate analysis is valid.
This chapter uses the matrix notation of the exact solution to the HCW
equations of motion Equations 2.23 and 2.24 for convenience. This study
discovers an exact, analytical, two impulsive ∆v solution for a given initial and
final state (position and velocity) and a time-of-flight between the states. The
analytical, two impulsive ∆v solution is described in Section 3.1. The Chief
repositioning trajectories in Section 3.3 use for both impulsive ∆v maneuvers
the analytical solution, while Deputy deployment trajectories in Section 3.4
use for the first impulsive ∆v maneuver the analytical solution but for the
second impulsive ∆v maneuver it activates the Floquet controller, which is
described in detail along with the non–linear impulsive controller in Chapter
4. The initial and final Chief orbits for repositioning are assumed to satisfy a
bounded orbit found with the Energy Matching Condition of the 2BP described
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in Section 3.2.
The notation used to characterize motion of the Chief and Deputy is
illustrated in Figure 3.1.
0
0
x
y
↓ Initial Chief Orbit
↓ Final Chief Orbit
(a) Section 3.3: Chief Repositioning
0
0
x
y
↓ Initial and Final 
Chief Orbit
(b) Section 3.4: Deputy Deployment
 
 
Chief Deputy τ0 TOF τf
Figure 3.1: General illustration of the time-like quantities τ0 and τf , and the
time-of-flight quantity TOF for the Chief and Deputy in the projected xy-
plane.
The time-like quantities are described as follows: τ0 and τf are analogous to
a true anomaly and are associated respectively with an initial larger and a
smaller final bounded Chief orbit. For visual and intuitive simplicity, any
orbit is projected onto the xy-plane to measure τ0, τf , and TOF . They are
measured from the +x-axis of the LVLH frame in a clockwise direction as a
0-to-1 fraction of the orbital period Tp = 2pi/n of the reference frame which
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also corresponds with one bounded orbit of the Chief or Deputy in the LVLH
frame, i.e. when the LVLH frame goes around Earth once, a spacecraft will
go around the origin of the LVLH frame once. Time-of-flight TOF is used
in two sections: Sections 3.3 and 3.4. In Section 3.3, TOF is the amount of
time the Chief takes to reposition from a larger to a smaller bounded orbit
in the LVLH frame, or from the time-like positions τ0 to τf . In Section 3.4,
TOF is the amount of time the Deputy takes to deploy from the Chief to a
small relative distance, or again, from the time-like positions τ0 to τf where this
section is constrained by τ0 +TOF = τf because the Chief does not reposition.
In other words, the Chief’s initial and final orbits are identical during Deputy
deployment.
3.1 Analytical, Two Impulsive ∆v Solution for the Lin-
ear Two-Body Problem
The linear HCW equations of motion admit an exact solution in matrix
form as Equations 2.23 and 2.24. Given an initial state X0(τ0) and final state
Xf (τf ) and a time-of-flight TOF , there is an exact, analytical two impulsive
∆v needed for a trajectory between the two states. The initial state before
(·)− the first impulsive ∆v and the final state after (·)+ the second impulsive
∆v are
X0 =
[
r0
v−0
]
(3.1)
Xf =
[
rf
v+f
]
(3.2)
where r0 = r0(τ0), v
−
0 = v
−
0 (τ0), rf = r0(τf ), and v
+
f = v
+
f (τf ). Also, the
position does not change at each impulsive ∆v maneuver, so the + or − is not
necessary for r0 and rf . Consider the matrix position solution Equation 2.23,
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then solve to find the velocity for the trajectory between the initial position
r0 and the final position rf with
v+0 = Φ
−1
rv (rf −Φrrr0) (3.3)
where Φrr = Φrr(TOF ), Φrv = Φrv(TOF ), and given the time-of-flight TOF
is known either by choice or by a constraint. The velocity before the final im-
pulsive ∆v maneuver can be found with the matrix velocity solution Equation
2.24
v−f = Φvrr0 + Φvvv
+
0 (3.4)
where Φvr = Φvr(TOF ) and Φvv = Φvv(TOF ). Thus, the initial and final
impulsive ∆v maneuvers for a trajectory from r0 to rf is
∆v0 = v
+
0 − v−0 (3.5)
∆vf = v
+
f − v−f (3.6)
which leads to the total ∆v for the analytical solution, that is
|∆v0|+ |∆vf | = ∆vf + ∆v0 = ∆vTotal (3.7)
3.2 Energy Matching Condition
The following Energy Matching Condition is necessary to ensure a one
period, bounded formation in the LVLH frame. [12] Aptly names because each
bounded orbit within the LVLH frame has the same energy or semi-major axis
as the origin of the LVLH frame with respect to the inertial frame XˆI–YˆI–ZˆI
because Energy = −µ/2a. In this particular case, the Foreign Object is at the
origin and the Chief is propagated as a non-zero or non-trivial trajectory in
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the LVLH frame. The Energy Matching Condition enforces a constraint on
the initial state of a spacecraft, in our case the Chief, such that
1
2
{[x˙(0)− f˙L(0)y(0) + r˙L(0)]2 + {y˙(0) + f˙L(0)[x(0) + rL(0)]}2 + z˙2(0)}
− µ
([rL(0) + x(0)]2 + y2(0) + z2(0))1/2
= − µ
2aL
(3.8)
The Energy Matching Condition is useful to determine a bounded initial or
final orbit for a Chief trajectory.
3.3 Chief Repositioning Trajectories
After the Chief’s orbit satisfies the Energy Matching Condition Equa-
tion 3.8, i.e. it is on a bounded orbit in the LVLH frame, consider transitioning
from a larger to smaller orbit if the radial distance of the Chief is too large for
observation of the Foreign Object. The following is an analytical and geomet-
ric understanding of the Chief repositioning logistical step. For this intuition,
first fix the initial and final state τ0 = τf = 0 and vary time-of-flight TOF
between the states. Define the initial and final orbits of the Chief reposition-
ing procedure when τ0 = τf = 0, which is also conveniently the states the
trajectories propagate between, as
ρC/L0 =
[
xC/L0 yC/L0 zC/L0 x˙C/L0 y˙C/L0 z˙C/L0
]T
=
[
1.4142135× 101 km, 0 km, 1.4142135× 101 km, · · ·
0 km/s, − 3.272158× 10−2 km/s, 0 km/s]T
ρC/Lf =
[
xC/Lf yC/Lf zC/Lf x˙C/Lf y˙C/Lf z˙C/Lf
]T
= [7.071068 km, 0 km, 7.071068 km, · · ·
0 km/s, − 1.6360789× 10−2 km/s, 0 km/s]T
23
ρC/L0 = ρC/L0(τ0 = 0) and ρ = ρC/Lf (τf = 0) are defined in the LVLH frame
and are bounded in the HCW equations of motion for the 2BP. For Figure 3.2,
this study varies the time-of-flight from 0 to 5 periods and for Figure 3.4, and
shows a selection of time-of-flights for geometric understanding.
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Figure 3.2: Chief repositioning plot of Total ∆v vs. TOF with select TOF
highlighted.
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Figure 3.3: Legend for select TOF ’s.
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Figure 3.4: Chief repositioning trajectories.
For Figure 3.2, three important conclusions are (i) a time-of-flight of TOF =
0.5Tp, 1.0Tp, 1.5Tp, · · · is not attainable because of the singular matrix pro-
duced Φ−1rv in Equation 3.3, (ii) the unattainable time-of-flights also produce
impractical and unnecessary asymptotic repositioning trajectories seen in Fig-
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ure 3.4, and (iii) increasing time-of-flight past TOF = 1.0Tp does not reduce
the total ∆v needed for Chief repositioning. It was found that Figure 3.2 is
representative of other fixed positions on the initial and final Chief orbits, i.e.
other τ0’s and τf ’s. It is also apparent a minimum total ∆v is at approximately
TOF ≈ 0.25Tp, 0.75Tp, · · · which leads us choose these time-of-flights for any
repositioning between two fixed points.
This investigation goes one step further and varies all three variables
τ0, τf , and TOF on respectively the x-axis, y-axis, and z-axis and have cost
J = ∆vTotal be a color. Slices of this cube are shown in Figures 3.6–3.9.
The cost is defined as J = |∆v0| + |∆vf |, the derivative of the cost is de-
fined as dJ
dX
= ( dJ
dτ0
, dJ
dτf
, dJ
dTOF
), and the magnitude for plotting is | dJ
dX
| =√
dJ
dτ0
2
+ dJ
dτf
2
+ dJ
dTOF
2
. The color bars used for Figures 3.6–3.9 are defined
initially in Figure 3.5 where the values of the cost J and magnitude of the
derivative of the cost | dJ
dX
| are of logarithm base 10.
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Figure 3.5: Top: log10 J , Bottom: log10 | dJdX |
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Figure 3.6: Contour plot of log10 J and log10 | dJdX | for TOF = 0.1Tp and 0.2Tp.
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Figure 3.7: Contour plot of log10 J and log10 | dJdX | for TOF = 0.3Tp and 0.4Tp.
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Figure 3.8: Contour plot of log10 J and log10 | dJdX | for TOF = 0.6Tp and 0.7Tp.
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Figure 3.9: Contour plot of log10 J and log10 | dJdX | for TOF = 0.8Tp and 0.9Tp.
This study continually builds on Chief repositioning geometric understanding
of the 2BP dynamics and concludes the following: (i) for time-of-flight’s near
TOF = 0, 0.5Tp, and 1.0Tp, the cost J or total ∆vTotal is on average larger
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with shading from right side of Figure 3.5: log10 J which continues to rein-
force the TOF should not be near multiplies of 0.5Tp to minimize total ∆v for
varying initial τ0 and final τf states, (ii) the low values of cost correspond di-
rectly with low values of slope, which indicates there are many local minimums
within this 4D space (τ0 vs. τf vs. TOF vs. J), and (iii) the cost J is periodic
and sinusoidal and does not decrease for increasing time-of-flights, which is
expected since in the inertial frame a spacecraft is simply transitioning from
close, very similar circular orbits.
3.4 Deputy Deployment Trajectories
The Deputy deployment from the Chief to two types (Type 1 and Type
2) of useful, controlled, bounded, and marginally stable orbits relative to the
Chief. The Chief and Deputy are utilized to provide two distinct viewing
angles and provide double coverage for observation of the Foreign Object.
• Type 1 is determined by activating the controller at an instant with an
x-component and z-component of the Deputy’s position with respect to
the Chief.
• Type 2 is determined by activating the controller at an instant with no
x or z-component of the Deputy’s position with respect to the Chief.
Type 1 and Type 2 deployments represent the boundaries of possible positions
the Deputy can have relative to the Chief at controller activation. Figure
3.10 shows the transition from Type 1 to Type 2. Type 1 has no relative
y-component of the Deputy’s position with respect to the Chief. If the y-
component is increased and the x and z-component are decreased to zero,
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Figure 3.10: Type 1 through Type 2 Deputy deployments.
Type 1 to Type 2 controller activations positions are traversed for Deputy
deployments. If a Deputy position has x, y, and z-components, then the
Floquet controlled orbit would be non-optimal, i.e. less useful. A Type 1
Deputy deployment preserves a periodic distance between Deputy and Chief
to ensure two distinct observation locations elaborated in Chapter 5 with the
Obstruction Angle, but Type 1 Deputy deployment slowly grows in error and
is unbounded as shown in Chapter 4. A Type 2 Deputy deployment ensures a
constant distance between the Deputy and Chief, but has the most observation
obstruction, i.e. the Chief or Deputy is at some point in front or behind the
other blocking its view. However, Type 2 Deputy deployments are bounded
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with minimal bounded error as is also shown in Chapter 4. With an activation
of the Floquet controller at a Deputy position with respect to the Chief with x,
y, and z-components, there is a mix of both problems from Type 1 and Type 2
Deputy deployments: unboundedness and observation obstruction. Also note
that, velocity of the Deputy relative to the Chief is non-consequential because
it will be canceled by the Floquet controller. The Floquet controller is used
at the end of each type of Deputy deployment from the Chief for reasons left
for next Chapter 4 on controllers.
3.4.1 Type 1 Deputy Deployment
Type 1 Deputy deployments activates a Floquet controller at a position
with x and z-components and coordinates the time-of-flight with the Chief
and Deputy. When the Deputy arrives at its final controlled maneuver, the
Deputy is positioned in concert with the Chief for observation from two distinct
viewing angles that preserves a periodic distance and minimizes observation
obstruction as demonstrated in Chapter 5. There are two positions (Position
A and Position B) of the Chief at the activation of the Floquet controller for
the Deputy to ensure minimal observation obstruction as shown in Figure 3.12.
 
 
Chief Trajectory
Chief at Position A
Deputy at Position A
Chief at Position B
Deputy at Position B
Figure 3.11: Legend of Position A and Position B for the Floquet controller
activation of a Type 1 Deputy deployment.
33
00
x
y
(a) XY-Plane
0
0
x
z
(b) XZ-Plane
0
0
y
z
(c) YZ-Plane
  0    0  
  0  
xy
z
(d) 3D
Figure 3.12: Position A and Position B for the Floquet controller activation
of a Type 1 Deputy Deployment.
If any other position was chosen for the Chief besides Position A or B, the
Deputy’s relative orbit with respect to the Chief the observation obstruction
34
is not minimized from two distinct sources: the Chief and Deputy. This is
illustrated in Figure 3.10 with non-optimal Deputy orbits relative to the Chief.
The initial orbit of the Chief and Deputy is characterized by
ρC/L0 = ρD/L0
=
[
xD/L0 yD/L0 zD/L0 x˙D/L0 y˙D/L0 z˙D/L0
]T
=
[
1.414214× 101 km, 0 km, 1.414214× 101 km, · · ·
0 km/s, − 3.272158× 10−2 km/s, 0 km/s]T (3.9)
This study varies the position of the initial ∆v manuever that deploys the
Deputy, τ0, to produce Figure 3.13. To minimize unnecessary larger time-of-
flight’s for the Deputy, Position A is targeted for half of the τ0’s and Position
B is targeted for the other half of the τ0’s, i.e. the time-of-flight of the Deputy
to its final ∆v maneuver activating the Floquet controller is found with
TOF = 1/4Tp − τ0 : 0 ≤ τ0 < 1/4Tp (3.10)
TOF = 3/4Tp − τ0 : 1/4Tp ≤ τ0 < 3/4Tp (3.11)
TOF = 5/4Tp − τ0 : 3/4Tp ≤ τ0 ≤ Tp (3.12)
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Figure 3.13: Plot of log10 ∆v vs. τ0.
 
 
τ0 = 0.30 Tp τ0 = 0.35 Tp τ0 = 0.40 Tp
τ0 = 0.45 Tp τ0 = 0.50 Tp τ0 = 0.55 Tp
τ0 = 0.60 Tp τ0 = 0.65 Tp τ0 = 0.70 Tp
Figure 3.14: Legend of select τ0’s.
A selection of τ0’s is chosen to target Position B (similar results for Position A)
and the trajectories are plotted in the the LVLH frame relative to the origin
in Figure 3.15 and relative to the Chief Figure 3.16. On inspection, this study
concludes the following: (i) the Deputy’s total ∆v and trajectories relative
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to the Chief increase asymptotically for τ0’s that correspond to time-of-flight’s
TOF = 0, 0.5Tp, and 1.0Tp for the same reasons as before, the singular matrix
in Equation 3.3, (ii) the Deputy should choose initial deployment positions
or τ0’s that correspond with time-of-flight’s TOF ≈ 0.25Tp and 0.75Tp to
minimize total ∆v, and (iii) again total ∆ v is periodic for varying τ0’s. These
conclusion are important to show that Type 1 Deputy deployment trajectories
to reach Floquet activation are easily attainable and require minimal ∆v.
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Figure 3.15: Trajectories of Type 1 Deputy deployment with select τ0’s in the
LVLH frame.
38
0 0.1 0.2 0.3
0
0.1
0.2
0.3
x (km)
y 
(km
)
(a) XY-Plane
0 0.1 0.2 0.3
0
0.1
0.2
0.3
x (km)
z 
(km
)
(b) XZ-Plane
0 0.1 0.2 0.3
0
0.1
0.2
0.3
y (km)
z 
(km
)
(c) YZ-Plane
0 0.1
0.2 0.3
0
0.1
0.2
0.3
0
0.1
0.2
0.3
x (km)y (km)
z 
(km
)
(d) 3D
Figure 3.16: Relative trajectories with respect to the Chief of Type 1 Deputy
deployment with select τ0’s in the LVLH frame.
3.4.2 Type 2 Deputy Deployment
Type 2 Deputy deployments activates the Deputy’s Floquet controller
at a relative position with respect to the Chief with only a y-component and
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does not have to coordinate the time-of-flight with the Chief and Deputy. A
Type 2 Deputy deployment’s controller activation position relative to the Chief
is fixed due to the 2BP dynamics of placing the Deputy on a marginally stable,
bounded orbit. For convenience, a point above the Chief in the +y-direction
is chosen. The initial state of the Chief and Deputy is the same as the Type
1 Deputy deployment Equation 3.9. The observation of the Foreign Object
will include obstruction using this type of orbit for the Deputy but will be
bounded. Figure 3.17 varies the initial point of deployment τ0 and the final
point of Floquet controller activation τf . τf is unique for the Type 2 Deputy
deployment because it is measured on the same orbit as the initial orbit of
the Chief and Deputy together. However, the final orbit of the Deputy is
defined by a perturbation 0.1 km in the +y-direction from the Chief defined
by τf . Thus by necessity, τf > τ0 and the time-of-flight is constrained as
TOF = τf − τ0. Select τf ’s are chosen for a τ0 = 0.1Tp highlighted in Figure
3.17 and illustrated in Figures 3.19 and 3.20.
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Figure 3.18: Legend of select τf ’s.
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Figure 3.19: Trajectories of Type 2 Deputy deployment with select τ0’s in the
LVLH frame.
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Figure 3.20: Relative trajectories with respect to the Chief of Type 2 Deputy
deployment with select τ0’s in the LVLH frame.
Similar to Type 1 Deputy deployments, Type 2 Deputy deployment conclusions
are: (i) the total ∆v increases asymptotically for τ0’s and τf ’s that correspond
with TOF = 0, 0.5Tp, (ii) to minimize the total ∆v choose τ0 6= τf and is a
point in the upper left of Figure 3.17, and (iii) the cost of ∆v also repeats for
periodic initial and final positions τ0 and τf . The general conclusions of the
importance of our analytical and geometric study has shown Chief reposition-
ing trajectories or Deputy deployment trajectories in the 2BP are attainable,
periodic, and ∆v minimizing for TOF 6= 0, 0.5Tp, 1.0Tp, · · · .
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Chapter 4
Two-Body Problem Controllers
The investigation considers two controllers: the Floquet controller and
the non-linear impulsive controller. It compares and presents carefully selected
examples that illustrate Type 1 and 2 Deputy orbits to find the best solution
for observation of the Foreign Object. The two controllers are described here:
• The Floquet controller is a linear approximation controller using the
HCW equations of motion.
• The non–linear impulsive controller is the exact non–linear minimal ∆v
controller using the non–linear equations of motion.
Both controllers are propagated in the non–linear equations of motion of the
2BP in the LVLH frame.
4.1 Non-Linear Impulsive Controller
A non–linear impulsive controller, as it will be called in this thesis, was
found in a previous investigation. [12] For convenience, a summary is included
in Appendix B, while the conclusion is simply stated here. The only ∆v
solution that corresponds with a minimum is the positive solution, i.e.
∆vx
v−x
=
∆vy
v−y
=
∆vz
v−z
= −1 + 1
v−C
√
µ(2aL − r1)
aLrC
(4.1)
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λ = −2 + 2v−C
√
aLrC
µ(2aL − rC) (4.2)
where:
• aL is the semi-major axis of the LVLH frame,
• rC =
√
[rL + x]2 + y2 + z2 is the inertial position of a spacecraft in the
LVLH frame, and
• v−C =
√
(v−x )2 + (v−y )2 + (v−z )2 is the inertial velocity in the LVLH frame
before the ∆v correction.
The components of the inertial velocity are
• v−x = x˙− − θ˙−Ly + r˙L,
• v−y = y˙− + θ˙−L [x+ rL], and
• v−z = z˙−.
The non–linear impulsive controller is applied to the Deputy in the LVLH
frame, while the linear Floquet controller explained in Section 4.2 is applied
in the LVLH frame with ∆v correction relative to the Chief. Appropriate care
is taken in Sub-Section 4.2.1 to compare the two controllers in both the LVLH
frame and LVLH frame relative to the Chief. Also, the non–linear impulsive
controller is applied at any the end of the time-of-flight TOF , same as the
Floquet controller.
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4.2 Linear Floquet Controller
The space around a reference orbit or point in the LVLH frame can
be approximated with linearized dynamics of the 2BP. A perturbation with
respect to a reference orbit is denoted as δx(t) and is governed by the state
transition matrix, i.e.
δx(t) = Φ(t, 0)δx(0) (4.3)
The state transition matrix Φ(t, 0) is designed to be periodic, thus it admits
a Floquet decomposition
Φ(t, 0) = P(t)eBtP(0)−1 (4.4)
where the matrix exponential is used, not the ordinary exponential, and P(t)
is also periodic, as seen in previous work. [14–16] By definition, P(0) = I3×3 is
the identity matrix, and the to-be-determined B which is a constant matrix.
If Equation 4.4 is evaluated with t = Tp where Tp is a period of the stable
reference orbit
Φ(Tp, 0) = P(Tp)e
BtP(0)−1
= eBt
and solve for B to get
B =
1
Tp
log(Φ(Tp, 0)) (4.5)
where the matrix logarithm is used, not the ordinary logarithm. Then, the
analysis finds the six eigenvalues λi and six corresponding eigenvectors ei of
B because B has a Jordan form
B = SJS−1 (4.6)
46
and if Equation 4.6 is substituted into Equation 4.4, the result is
Φ(t, 0) = P(t)SeJtS−1P(0)−1 (4.7)
= E(t)eJtE(0)−1 (4.8)
where E(t) = P(t)S and since P(t) is periodic so is E(t). Thus, the conclusion
is
E(Tp) = E(0) = P(0)S (4.9)
= S (4.10)
and every period the Floquet decomposition takes the same form and can be
used to implement a periodic Floquet controller.
To determine the Floquet controller, the perturbation can be decom-
posed as follows
δx(t) =
6∑
j=1
δxj(t) =
6∑
j=1
cj(t)e¯j(t) (4.11)
where:
• c¯(t) = E(t)−1δx(t)
• e¯j are the Floquet modes, which are the columns of E(t), that is
E(t) =
[
e¯1
... e¯2
... e¯3
... e¯4
... e¯5
... e¯6
]
(4.12)
This analysis is only interested in E(t) every period, thus E(0) = E(Tp)
is a constant matrix. Remember the eigenvalues λi and eigenvectors ei
for E(nTp) are of the constant B matrix. For all real eigenvalues, the
associated columns of E(nTp) are simply
e¯i = ei (4.13)
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For conjugate pairs of eigenvalues λi,i+1 = a ± bi where a and b are
constants, the associated columns of E(nTp) are real part and imaginary
part of the eigenvectors, e.g.
e¯i = real(ei)
e¯i+1 = imag(ei)
To remove a mode, e.g. mode 1, with an impulsive periodic maneuver, equate
the following
6∑
i=2
(1 + αi(t))δxi(t) = δxcorrection +
6∑
j=1
δxj (4.14)
where:
• δxcorrection =
[
03×1
∆V 3×1
]
represents the impulsive maneuver. Notice the
position does not jump.
• αi(t) are constant coefficients that correctly adjust the non-removed
modes to correctly represent the non-orthogonal Floquet mode basis.
Notice that the summation associated with the αi(t) is summed from
i = 2 to i = 6, not i = 1, removing mode 1.
Substitute in for δxcorrection and cancel out appropriate terms by expanding
out the summations to get the following[
δx2 δx3 δx4 δx5 δx6 03×1
−I3×3
] [
α5×1
∆V 3×1
]
=
[
δx1
]
(4.15)
Then solve for the αi(t) constant coefficients and the ∆V impulsive maneuver
to get the periodic controller:[
α5×1
∆V 3×1
]
=
[
δx2 δx3 δx4 δx5 δx6 03×3
−I3×3
]−1 [
δx1
]
(4.16)
48
The inverse of a non-square matrix uses a minimum norm solution. Also,
remember that the controller is computed every period, that is at t = nTp
where n = 0, 1, 2, etc. To remove a different set of modes, the controller is
adjusted, for example, by removing modes 1, 3, and 4 (e¯1, e¯3, and e¯4), to get[
α3×1
∆V 3×1
]
=
[
δx2 δx5 δx6 03×3
−I3×3
]−1 [
δx1 δx3 δx4
]
(4.17)
4.2.1 HCW Equations of Motion Floquet Controller
A linear impulsive controller or a Floquet controller can be determined
by assuming a linearized space around a Chief orbit in the LVLH frame using
the HCW equations of motion. This Floquet controller uses a HCW equations
of motion approximation because solving for B of Equation 4.5 to determine
the Floquet modes is numerically problematic for degenerate Monodromy ma-
trices. Thus, the simplicity and usefulness of analytically using the HCW
equations of motion in the 2BP allows us to solve explicitly for the E(nTp) of
Equation 4.12 defined previously. Additionally, the Floquet controller verifies
the linear approximation of a bounded orbit in the LVLH frame by cancel-
ing any velocity in the x and z-directions to zero and forcing the y-direction
velocity to Equation 2.22, i.e.
y˙(0) = −2nx(0)
In the inertial frame, the reference orbit of the LVLH frame or Foreign
Object is a circular, equatorial orbit with orbital parameters: a = 6378.1 +
300 km = 6678.1 km, e = 0, i = 0◦, ω = undefined, and Ω = undefined. The
orbit of the Deputy relative to Chief orbit can be determined two ways using
the (i) non–linear impulsive ∆v = (∆vx,∆vy,∆vz) maneuver of Equation 4.1
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and (ii) the linear Floquet controller described in general in Section 4.2 and
more specifically as follows.
The Monodromy matrix, or the state transition matrix after one period,
can be found as follows
Φ˙(t, 0) = A(t)Φ(t, 0) (4.18)
= AΦ(t, 0) (4.19)
where the time dependence on A is dropped because A is a constant in the
linearized and normalized 2BP defined as
A =
df
dX
=

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
3f˙ 2L 0 0 0 2f˙L 0
0 0 0 −2f˙L 0 0
0 0 −1f˙ 2L 0 0 0
 (4.20)
=

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
3 0 0 0 2 0
0 0 0 −2 0 0
0 0 −1 0 0 0
 (4.21)
Then, the solution of the STM takes the form for constant Jacobians
Φ(t, 0) = eAt
and part of the derivation of a Floquet controller is computing B
B =
1
Tp
log(Φ(Tp, 0))
=
1
Tp
log(eATp)
=
1
Tp
ATp
= A
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The Floquet exponents or eigenvalues of B are
• λ1 = 0 is the the zero-space eigenvector
• λ2 = 0 is associated with the secular, zero-space, unstable eigenvector
• λ3,4 = ±i are associated with the marginally stable eigenvectors
• λ5,6 = ±i are associated with the secular, marginally stable eigenvectors
and the Floquet modes or eigenvectors of B are
e1 =
[
0 −6 0 0 0 0]T
e2 =
[
4 0 0 0 −6 0]T
e3 =
[−1.5 −3i 0 −1.5i 3 0]T
e4 =
[−1.5 +3i 0 +1.5i 3 0]T
e5 =
[
0 0 0.5 0 0 +0.5i
]T
e6 =
[
0 0 0.5 0 0 −0.5i]T
and thus E(nTp) is
E(nTp) =
[
e¯1 e¯2 e¯3 e¯4 e¯5 e¯6
]
=
[
e1 e2 real(e3) imag(e3) real(e5) imag(e5)
]
where
e1 =
[
0 −6 0 0 0 0]T
e2 =
[
4 0 0 0 −6 0]T
real(e3) =
[−1.5 0 0 0 3 0]T
imag(e3) =
[
0 −3 0 −1.5 0 0]T
real(e5) =
[
0 0 0.5 0 0 0
]T
imag(e5) =
[
0 0 0 0 0 0.5
]T
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4.2.2 Numerical and Graphical Comparison of the Non–Linear Im-
pulsive and the Linear Floquet Controllers
The Floquet controller employed is based of the HCW equations of
motion. The Floquet modes e¯i of Equation 4.12 are respectively associated
with Floquet exponents λi and are illustrated in Figure 4.1. Note: the ’o’ and
’x’ in all figures represent the start and end of a trajectory, respectively.
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Figure 4.1: Floquet modes using the HCW equations of motion approximation.
The only useful space is the marginally stable space associated with Floquet
exponents λ3,4. Thus, λ3,4 are activated to ensure marginally stable motion.
λ2 and λ5,6 are secular because the values repeat and λ1 is at the origin. These
other Floquet exponents are unstable.
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Since the Floquet controller is approximately modeled using the HCW
equations of motion, it has to be compared to the true non–linear impulsive
controller found in Section 4.1. In general, the Floquet controller is only good
for small Chief orbits, as is expected since the HCW equations of motion
are only valid for orbits near the origin of the LVLH frame. However, this
study can design Chief orbits around a Foreign Object and Deputy initial
conditions such that the error is reduced between the linear Floquet controller
and the non–linear controller. A practical solution is found that does not
have significant unbounded error and will be used for observation purposes
considered in Chapter 5.
The examples were carefully chosen to explore different options for
Chief and Deputy bounded motion for observation of a Foreign Object. They
are distinguished by their initial conditions of the Chief orbit and relative po-
sition of the Deputy with respect to the Chief. The examples span the gambit
of Chief orbits relative to the LVLH frame: planar orbits, 45◦ inclination or-
bits, circular orbits, and projected circular orbits and Deputy orbits: Type
1 and Type 2 Deputy deployment orbits, and relative planar Deputy deploy-
ment orbits. Every combination is not shown because it is unnecessary for
a qualitative, geometric understanding and our conclusions are unchanged on
the 2BP dynamics of our non–linear impulsive and linear Floquet controllers.
Our examples are:
• Example 1: Type 1 Deputy Deployment: Planar Chief Orbit: x0 =
arbitrary, y0 = z0 = 0, x˙ = 0, y˙0 = stable, z0 = 0. It was chosen
because it is the simplest Chief orbit and provides the necessary reference
to compare better alternatives.
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• Example 2: Type 1 Deputy Deployment: 45◦ Chief Orbit: x0 = z0 and
y0 = 0, x˙0 = z˙0 = 0, and y˙0 = stable. It was chosen because it is
the simplest out-of-plane Chief orbit that reduces unbounded motion
compared to the planar Example 1 and with respect to any other Chief
inclination for Type 1 Deputy deployments. That said, the Deputy’s
relative to the Chief position is in the Chief’s orbital plane by having
x and z-components - a Type 1 Deputy deployment. This example is
also used as the standard Chief orbit for repositioning and deployment
trajectories in Chapter 3 and observation in Chapter 5.
• Example 3: Relative Planar Deputy Deployment: xz–Projected Circular
Chief Orbit: x0 = 0, y0 = z0, x˙0 = nz0, y˙0 = stable, and z˙0 = 0. It was
chosen because the projected circular Chief and Deputy orbits are poten-
tially useful in observation by ensuring ideal radial pointing observation
requirements. The Deputy’s relative planar deployment demonstrates
relative planar orbits do not help reduce or eliminate unbounded error.
• Example 4: Type 2 Deputy Deployment: yz–Projected Circular Chief
Orbit: y0 = 0, z0 = 2x0, x˙ = 0, y˙ = stable, and z˙ = 0. It was chosen to
again look at projected circular orbit’s potential at observational useful-
ness similar to Example 3. However, the error would still be unbounded
if it were not for a Type 2 Deputy deployment that states a relative
Deputy position only has a y-component.
• Example 5: Type 1 Deputy Deployment: Orbital Plane Circular CHief
Orbit: y0 = 0, z0 =
√
3x0, x˙ = 0, y˙ = stable, and z˙ = 0. It was
chosen because to one last time look at circular orbits for potential at
observational usefulness similar to Example 3 and 4. The relative Deputy
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orbit is in-plane with the Chief and quickly becomes unbounded for large
Chief reference orbits which contrasts the circular orbit observational
usefulness with unbounded translational motion.
Note: stable means the velocity, in these examples y˙0, is found with the Energy
Matching Condition of Equation 3.8.
4.2.2.1 Example 1: Planar Chief Orbit
Example 1 illustrates motion of the Chief and Deputy in the LVLH
frame in the xy–plane comparing the linear Floquet and non–linear impulsive
controllers at small and large Chief orbits. The initial state of the Deputy
with respect to the Chief ρD/C Equation 4.25 is chosen to ensure all motion
stays within the xy-plane and is the same distance away from both the small
and large Chief orbits. The reference orbit is
ρL =
[
rL, r˙L, fL, f˙L
]T
=
[
6678.1 km, 0 km/s, 0 rad, 1.156883× 10−3 rad/s]T
=
[
1 du, 0 du/tu, 0, 1× 10−3 1/tu]T (4.22)
The small Chief orbit relative to the origin of the LVLH frame is
ρC/L =
[
xC/L, yC/L, zC/L, x˙C/L, y˙C/L, z˙C/L
]T
=
[
1 km, 0 km, 0 km, 0 km/s, −2.313678× 10−3 km/s, 0 km/s]T
=
[
1.497432× 10−4 du, 0 du, 0 du, · · ·
0 du/tu, − 2.994752× 10−4 du/tu, 0 du/tu]T (4.23)
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The large Chief orbit also relative to the origin of the LVLH frame is
ρC/L =
[
xC/L, yC/L, zC/L, x˙C/L, y˙C/L, z˙C/L
]T
= [100 km, 0 km, 0 km, · · ·
0 km/s, − 2.305232× 10−1 km/s, 0 km/s]T
=
[
1.497432× 10−2 du, 0 du, 0 du, · · ·
0 du/tu, − 2.983818× 10−2 du/tu, 0 du/tu]T (4.24)
and the Deputy orbit relative to the Chief orbit is
ρD/C =
[
xD/C , yD/C , zD/C , x˙D/C , y˙D/C , z˙D/C
]T
=
[
0.1 km, 0 km, 0 km, 0 km/s, 0 km/s, 0 km/s
]T
=
[
1.497432× 10−5 du, 0 du, 0 du, 0 du/tu, 0 du/tu, 0 du/tu]T
(4.25)
The orbits of the Chief and Deputy for five periods are illustrated in Figure
4.2.
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Figure 4.2: Orbits of the small and large chief orbits with the Deputy orbits
controlled by linear Floquet and non–linear impulsive controllers.
The relative orbits of the Deputy with respect to the Chief in the LVLH frame
are shown in Figure 4.3.
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Figure 4.3: Relative Deputy orbits with respect to the small and large chief
orbits controlled by linear Floquet and non–linear impulsive controllers.
Notice the Floquet controlled Deputy orbit is growing and unbounded, espe-
cially for the large Chief orbit. The error between the true non–linear impulsive
controller and the linear Floquet controller is shown in Figure 4.4.
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Figure 4.4: Error of Figure 4.3 the relative Deputy orbits with respect to the
small and large chief orbits controlled by the linear Floquet and the non–linear
impulsive controllers.
The error of the small and large Chief orbit at the end of five periods is two
orders of magnitude different. Over long time scales longer than five periods,
the error will grow for small or large Chief orbits. The translational utility is
greater for the Deputy if the observation timespan is limited.
4.2.2.2 Example 2: 45◦ Chief Orbit
Example 2 again illustrates motion of the Chief and Deputy in the
LVLH frame, but with an equal cross-track or z-component, i.e. xC/L = zC/L
at τ = 0, that compares the linear Floquet and non–linear impulsive controllers
at small and large Chief orbits. The initial state of the Deputy with respect
to the Chief ρD/C Equation 4.28 is chosen to minimize the error between the
controllers by also equating the xD/C = zD/C . The small Chief orbit relative
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to the origin of the LVLH frame is
ρC/L =
[
1 km, 0 km, 1 km, 0 km/s, −2.313765× 10−3 km/s, 0 km/s]T
=
[
1.497432× 10−4 du, 0 du, 1.497432× 10−4 du, · · ·
0 du/tu, − 2.994864× 10−4 du/tu, 0 du/tu]T (4.26)
The large Chief orbit also relative to the origin of the LVLH frame is
ρC/L = [100 km, 0 km, 100 km, · · ·
0 km/s, − 2.313765× 10−3 km/s, 0 km/s]T
=
[
1.497432× 10−2 du, 0 du, 1.497432× 10−2 du, · · ·
0 du/tu, − 2.994702× 10−2 du/tu, 0 du/tu]T (4.27)
and a Deputy orbit relative to the Chief orbit is
ρD/C =
[
xD/C , yD/C , zD/C , x˙D/C , y˙D/C , z˙D/C
]T
=
[
0.1 km, 0 km, 0.1 km, 0 km/s, 0 km/s, 0 km/s
]T
=
[
1.497432× 10−5 du, 0 du, 1.497432× 10−5 du, · · ·
0 du/tu, 0 du/tu, 0 du/tu]T (4.28)
In the following Figures, the error is significantly reduced compared to Ex-
ample 1: Planar Chief Orbit, enabling larger Chief orbits to utilize a Floquet
controller. The propagation is for five periods similar to Figures 4.2–4.4.
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Figure 4.5: Orbits of the small and large chief orbits with the Deputy orbits
controlled by linear Floquet and non–linear impulsive controllers.
The relative orbits of the Deputy with respect to the Chief are shown here.
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Figure 4.6: Relative Deputy orbits with respect to the small and large chief
orbits controlled by linear Floquet and non–linear impulsive controllers.
Notice for the large Chief orbit the Floquet controlled Deputy orbit is growing
and unbounded, but at a smaller rate with respect to Example 1: Planar
Chief Orbit. The error between the true non–linear impulsive controller and
the linear Floquet controller is shown next.
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Figure 4.7: Error of Figure 4.6 the relative Deputy orbits with respect to the
small and large chief orbits controlled by the linear Floquet and the non–linear
impulsive controllers.
Immediately see that the shape of the error is very similar to Figure 4.4. The
error of the small and large Chief orbits at the end of five periods is of order
10−6 km and 10−3 km , respectively, which is three orders of magnitude differ-
ent. The magnitude of the error is a significant improvement from Example 1:
Planar Chief Orbit. With translational motion error of the Deputy’s Floquet
growing slowly, Example 2 is now the standard orbit for trajectory design in
Chapter 3 and observation in Chapter 5.
4.2.2.3 Example 3: xz–Projected Circular Chief Orbit
Example 3 illustrates motion of the Chief and Deputy in the LVLH
frame that compares the linear Floquet and non–linear impulsive controllers
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at small and large Chief orbits. The Deputy orbit has a initial state ρD/C
Equation 4.31 such that it projects a circular orbit in the xz-plane. The small
Chief orbit relative to the origin of the LVLH frame is
ρC/L = [0 km, 1 km, 1 km, · · ·
1.156883× 10−3 km/s, − 1.732353× 10−7 km/s, 0 km/s]T
=
[
0 du, 1.497432× 10−4 du, 1.497432× 10−4 du, · · ·
1.497432× 10−4 du/tu, − 2.242302× 10−8 du/tu, 0 du/tu]T
(4.29)
The large Chief orbit also relative to the origin of the LVLH frame is
ρC/L = [0 km, 100 km, 100 km, · · ·
1.156883× 10−1 km/s, − 1.731965× 10−3 km/s, 0 km/s]T
=
[
0 du, 1.497432× 10−2 du, 1.497432× 10−2 du, · · ·
1.497432× 10−2 du/tu, − 2.241800× 10−4 du/tu, 0 du/tu]T
(4.30)
and a Deputy orbit relative to the Chief orbit is
ρD/C =
[
xD/C , yD/C , zD/C , x˙D/C , y˙D/C , z˙D/C
]T
=
[
0.1 km, 0 km, 0 km, 0 km/s, 0 km/s, 0 km/s
]T
=
[
1.497432× 10−5 du, 0 du, 0 du, · · ·
0 du/tu, 0 du/tu, 0 du/tu]T (4.31)
Upon visual inspection, the following sub-figures of Figure 4.8 are very similar
because of the size of each ellipse needed for the xz-plane circular projection.
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Figure 4.8: Orbits of the small and large chief orbits with the Deputy orbits
controlled by linear Floquet and non–linear impulsive controllers.
The relative orbits of the Deputy with respect to the Chief that follow are al-
most identical because of the reduced error shown in Figure 4.10. The relative
orbits are also xy-planar if a LVLH frame is shifted to the center of the Chief.
65
-0.2 0 0.2
-0.2
-0.1
0
0.1
0.2
x (km)
y 
(km
)
(a) Small Chief Orbit
-0.2 0 0.2
-0.2
-0.1
0
0.1
0.2
x (km)
y 
(km
)
(b) Large Chief Orbit
 
 
Deputy Orbit - Floquet Controller
Deputy Orbit - Non-Linear Impulsive Controller
Figure 4.9: Relative Deputy orbits with respect to the small and large chief
orbits controlled by linear Floquet and non–linear impulsive controllers.
The error between the true non–linear impulsive controller and the linear Flo-
quet controller is shown here.
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Figure 4.10: Error of Figure 4.9 the relative Deputy orbits with respect to the
small and large chief orbits controlled by the linear Floquet and the non–linear
impulsive controllers.
Again, similar to Example 2: 45◦ Chief Orbit, the shape of the error is very
similar to Figure 4.4. Also, the error of the small and large Chief orbits at the
end of five periods is of the same magnitude as Example 2: 45◦ Chief Orbit, i.e.
of order 10−6 km and 10−3 km, respectively, with three orders of magnitude
different. Example 2 is still a better orbit configuration for a Chief and Deputy
despite the similar error because a xz–projected circular chief orbit is larger
than needed.
4.2.2.4 Example 4: yz–Projected Circular Chief Orbit
Example 4 is unique because the Chief orbit projects a circle on the
yz-plane and the Deputy orbit has an initial state simply in the y-direction,
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i.e. a Type 2 Deputy deployment. Example 4 still illustrates motion of the
Chief and Deputy in the LVLH frame that compares the linear Floquet and
non–linear impulsive controllers at small and large Chief orbits. The small
Chief orbit relative to the origin of the LVLH frame is
ρC/L =
[
1 km, 0 km, 2 km, 0 km/s, −2.314025× 10−3 km/s, 0 km/s]T
=
[
1.497432× 10−4 du, 0 du, 2.994864× 10−4 du, · · ·
0 du/tu, − 2.995200× 10−4 du/tu, 0 du/tu]T (4.32)
The large Chief orbit also relative to the origin of the LVLH frame is
ρC/L = [100 km, 0 km, 200 km, · · ·
0 km/s, − 2.338853× 10−1 km/s, 0 km/s]T
=
[
1.497432× 10−2 du, 0 du, 2.994864× 10−2 du, · · ·
0 du/tu, − 3.027337× 10−2 du/tu, 0 du/tu]T (4.33)
and a Deputy orbit relative to the Chief orbit is
ρD/C =
[
xD/C , yD/C , zD/C , x˙D/C , y˙D/C , z˙D/C
]T
=
[
0 km, 0.1 km, 0 km, 0 km/s, 0 km/s, 0 km/s
]T
=
[
0 du, 1.4974319× 10−5 du, 0 du, · · ·
0 du/tu, 0 du/tu, 0 du/tu]T (4.34)
The following are the Chief and Deputy orbits in the LVLH frame. They are
similar in shape but at different magnitudes because of the size of the Chief
orbit.
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Figure 4.11: Orbits of the small and large chief orbits with the Deputy orbits
controlled by linear Floquet and non–linear impulsive controllers.
The relative orbits of the Deputy with respect to the Chief are shown in Figure
4.12, and for this Example 4: yz-Projected Circular Orbit, these orbits rela-
tively hover, and thus are bounded, around the initial position of the Deputy
with respect to the Chief. Just shown is why a Type 2 Deputy deployment
is useful despite observation obstruction. A Type 2 Deputy deployment has
bounded error. In fact, using a Type 2 Deputy deployment for any of these
representative examples, the error would be bounded.
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Figure 4.12: Relative Deputy orbits with respect to the small and large chief
orbits controlled by linear Floquet and non–linear impulsive controllers.
The error between the true non–linear impulsive controller and the linear Flo-
quet controller is shown in Figure 4.13 and is bounded.
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Figure 4.13: Error of Figure 4.12 the relative Deputy orbits with respect to the
small and large chief orbits controlled by the linear Floquet and the non–linear
impulsive controllers.
This Example 4: yz-Projected Circular Chief Orbit presents us with a useful
Deputy orbit (Type 2 Deputy deployment) that is bounded for the goal of
observing a Foreign Object at the origin at LVLH frame. The error of the
small and large Chief orbits at the end of five periods is of the same order of
magnitude at 10−6 km.
4.2.2.5 Example 5: Orbital Plane Circular Chief Orbit
Example 5 is the last controller comparison. Instead of a projected cir-
cular orbit, this Chief orbit is circular in the orbital plane designed specifically
with observation in mind. The motion of the Chief and Deputy is in the LVLH
frame that compares the linear Floquet and non–linear impulsive controllers
at small and large Chief orbits. The small Chief orbit relative to the origin of
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the LVLH frame is
ρC/L = [1 km, 0 km, 1.732051 km, · · ·
0 km/s, − 2.313938× 10−3 km/s, 0 km/s]T
=
[
1.497432× 10−4 du, 0 du, 2.593628× 10−4 du, · · ·
0 du/tu, − 2.995088× 10−4 du/tu, 0 du/tu]T (4.35)
The large Chief orbit also relative to the origin of the LVLH frame is
ρC/L = [100 km, 0 km, 173.2050807 km, · · ·
0 km/s, − 2.330450× 10−1 km/s, 0 km/s]T
=
[
1.497432× 10−2 du, 0 du, 2.593628× 10−2 du, · · ·
0 du/tu, − 3.016461× 10−2 du/tu, 0 du/tu]T (4.36)
and a Deputy orbit relative to the Chief orbit is
ρD/C =
[
xD/C , yD/C , zD/C , x˙D/C , y˙D/C , z˙D/C
]T
=
[
0.1 km, 0 km, 0.173205 km, 0 km/s, 0 km/s, 0 km/s
]T
=
[
1.4974319× 10−5 du, 0 du, 2.593628× 10−5 du, · · ·
0 du/tu, 0 du/tu, 0 du/tu]T (4.37)
The following are the Chief and Deputy orbits in the LVLH frame. Once again,
they are similar in shape but at different magnitudes because of the size of the
Chief orbit.
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Figure 4.14: Orbits of the small and large chief orbits with the Deputy orbits
controlled by linear Floquet and non–linear impulsive controllers.
Notice in Figure 4.14, the inclination is 60◦. The following relative Deputy
orbits are also at 60◦ inclination in Figure 4.15. For the large reference orbit,
the relative orbit of the Deputy is noticeably divergent from a bounded orbit
in Subfigure 4.15b which means the error will grow rapidly.
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Figure 4.15: Relative Deputy orbits with respect to the small and large chief
orbits controlled by linear Floquet and non–linear impulsive controllers.
The error between the true non–linear impulsive controller and the linear Flo-
quet controller is shown in Figure 4.16 and is unbounded.
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Figure 4.16: Error of Figure 4.15 the relative Deputy orbits with respect to the
small and large chief orbits controlled by the linear Floquet and the non–linear
impulsive controllers.
The error of the small and large Chief orbits at the end of five periods is of
the same magnitude as Example 1: Planar Chief Orbit, i.e. of order 10−3
km and 10−1 km, respectively, which is two orders of magnitude difference.
The translational motion for this Example’s configuration is problematic and
is only useful for small reference orbits for short periods.
After reviewing Examples 1 through 5, the following important con-
clusions are: (i) per Example 2, the standard Chief orbit for deployment and
observation is the 45◦ inclination orbit which minimizes unbounded error be-
tween the controllers for Type 1 Deputy deployments and by default Type 2,
(ii) Type 2 Deputy deployments are always bounded for any Chief orbit, (iii)
a Floquet controller is useful for verifiable small reference orbits for the LVLH
frame, (iv) a Floquet controller always produces an unbounded elliptical or-
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bits for Type 1 Deputy deployments and produces a bounded orbit for Type
2 Deputy deployments by simply shifting the Chief orbit in the +y-direction,
and (v) the circular orbits were not as bounded in error for translational mo-
tion, but there could still be useful trade off for observation of the Foreign
Object which will be address in Chapter 5.
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Chapter 5
Two-Body Problem Observation
After analyzing translational motion of Chief and Deputy trajectories
and two different controllers in the 2BP, this chapter is interested in non–
linear rotational, rigid body dynamics. The Chief and Deputy were always
rigid bodies, however this is only relevant in this Chapter 5 for observation.
An dynamics understanding is sought in Section 5.1 by perturbing and then
analyzing the motion of the Chief’s observation of the Foreign Object and
in Section 5.2 by demonstrating the effects of a Type 1 and Type 2 Deputy
deployment on Chief and Deputy observation of the Foreign Object. The
advantages and disadvantages of controlling the rigid body dynamics of the
Chief and Deputy is important for maximizing observational coverage of a
Foreign Object in the 2BP in a useful way.
As mentioned previously, the Foreign Object is assumed at the origin
rotating at a rate different than one rotation per period ensuring attainable
total observational coverage. If the rotation of the Foreign Object were the
same, multiple Chief spacecrafts would need to be deployed, which is not
covered in this thesis. The Chief and and Deputy are assumed for simplicity
to be cubes with the following dimensions: mass = 100 kg and length = 0.001
km. Both the Chief and Deputy are assumed to initially start their coupled
translational and rotational motion by directly pointing the observational tool
at the Foreign Object, or the origin of the LVLH frame. The observational
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tool is simply assumed to be a cone of vision perpendicular to the side of the
Chief and Deputy initially facing the Foreign Object.
For maximizing observational coverage, the cone of vision from the
observational tool must be small. For a small cone of vision, two quantities
of interest are defined: the Observation Tool Angle (OTA) θ for the Chief or
Deputy, and the Obstruction Angle (OA) φ:
• The OTA θ is an angle that defines the cone of vision and is an angle
measured counter-clockwise between the vectors −ρC/L or −ρD/L and
rOTAC or rOTAD for clockwise translational motion of the Chief or Deputy.
−ρC/L or −ρD/L of the Chief or the Deputy connects the center of mass
of the Chief or Deputy to origin of the LVLH frame. rOTAC or rOTAD
connects the center of mass of the cube-shaped Chief or Deputy and the
center of the side of either the Chief or Deputy that has the observation
tool. The OTA is always measured in the plane of the orbit of the Chief
or Deputy.
• The OA φ is an angle that that defines the obstructed vision of the Chief
and is measured between the vectors −ρC/L and −ρD/L.
The initial body-fixed rotation of the Chief or Deputy ωz0 is always in the
negative z-direction of the orbit plane. See Figure 5.1 for an illustration of the
OTA and Figure 5.2 for the OA.
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Figure 5.1: Observation Tool Angle θ labeling for the Chief or Deputy.
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Figure 5.2: Obstruction Angle φ labeling for the Chief and Deputy.
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5.1 Chief Observation
The rigid body dynamics of the Chief and Deputy for observation was
studied by initially perturbing the motion and then discovering an ideal orbit
of the Chief to minimize the sinusoidal amplitude of the OTA’s perturbations.
Practically, the Chief would not be so close to origin, yet still close enough
to be useful ( 1 km). However, for graphical analysis and no loss of fidelity
in the 2BP rotational, rigid body dynamics, a very small Chief orbit is used.
The standard Chief orbit used for observation analysis is defined at τ = 1/4Tp
with a state vector ρC/L
ρiC/L =
[
xiC/L y
i
C/L z
i
C/L
x˙iC/L y˙
i
C/L z˙
i
C/L
ωx ωy ωz
β0 β1 β2 β3]
T (5.1)
=
[
0 km, − 3.500001× 10−3 km, 0 km,
−1.712134× 10−6 km/s, 0 km/s, − 1.712133× 10−6 km/s,
7.353175× 10−4 rad/s, 0 rad/s, − 7.353175× 10−4 rad/s,
9.238795× 10−1 rad, 0 rad, − 3.826834× 10−1 rad, 0 rad]T (5.2)
5.1.1 Perturbations of Chief Observation
Three parameters are perturbed to provide an understanding of rigid
body dynamics with respect to observation. The three parameters are:
• ∆θ0 which is a perturbation from the OTA θ which in our example is
θ = 0◦,
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• ∆ωz0 is the perturbation of the rotation rate of the Chief or Deputy in
the z or normal direction of the orbital plane which in our example is
ωz0 = −1.0n, and
• ∆y0 is the perturbation of the center of the orbit of the Chief of Deputy
with respect to the origin of the LVLH frame which in our example is of
course y = 0 km.
These perturbations from the chosen useful initial values of θ0, ωz0, and y0 all
demonstrate why they are advantageous in Subsections 5.1.1.1–5.1.1.3.
5.1.1.1 Perturbation of the Observation Tool Angle θ
The perturbation of the OTA has trajectories shown in Figure 5.3 and
the OTA vs. Time in Figure 5.4. The initial OTA is varied in the positive and
negative direction. Per Figure 5.4, the OTA as a function of time simply shifts
in the positive or negative direction, thus increasing the angular size of the
cone of observation. The minimum of the observation tool’s cone is defined by
the amplitude of the sinusoidal wave from ∆θ0 = 0
◦.Thus, align the Chief to
point at the Foreign Object at Position A or Position B. Any other alignment
would not minimize the Chief’s observation tool cone of vision and not provide
maximum coverage of the Foreign Object.
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Figure 5.3: Trajectory of various perturbations of the initial OTA θ.
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Figure 5.4: OTA vs. time of various perturbations of the initial OTA θ.
5.1.1.2 Perturbations of the Angular Rate ωz0
The perturbation of the angular rate ωz0 has trajectories shown in Fig-
ure 5.5 and the OTA vs. Time in Figure 5.6. Vary also the initial angular rate
in the positive and negative direction. The only steady motion produced per
Figure 5.5c and Figure 5.6 is when the angular rate of the body-fixed rotation
of the Chief is exactly ωz0 = −1.0n. This rotation rate means the body rotates
once every time the Chief orbits once around the origin of the LVLH frame.
The period Tp = 2pi/n is also the amount of time the LVLH frame takes to
complete one orbit in the inertial frame. If the angular rate ωz0 6= −1.0n,
the observation of the Foreign Object would be non-optimal because at some
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point in the Chief’s trajectory, the Foreign Object would not be in the cone
of vision reducing coverage.
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Figure 5.5: Trajectories of various perturbations of the initial angular rate
normal to the orbital plane ωz0.
86
0 1 2 3 4 5
-180
-90
0
90
180
Time (Periods)
O
bs
er
va
tio
n 
To
ol
 A
ng
le
 (D
eg
ree
s)
Figure 5.6: OTA vs. time of various perturbations of the initial angular rate
normal to the orbital plane ωz0.
5.1.1.3 Perturbation of the Center of the Chief’s Orbit y
The perturbation of the center of the Chief’s orbit in the y-direction
has its trajectories shown in Figure 5.7 and the OTA vs. Time in Figure
5.8. This study shifts the orbit in -y-direction, while symmetrical results are
achieved in the +y-direction. The results are not shown of shifting the Chief
orbit in the x or z-direction because perturbing the initial x or z of values
does not produce a shifted mirror image of Chief orbit like perturbing in the
y-direction. The x and z perturbations change the shape too drastically from
the standard 45◦ off-planar Chief orbit for a proper comparison of similar but
perturbed Chief orbits. As the Chief orbit shifts in the -y-direction, the OTA’s
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amplitude increases, increasing the cone of vision needed and producing a non-
ideal requirement on the observation tool for coverage of a Foreign Object.
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Figure 5.7: Trajectory of various perturbations of the initial center of the
Chief’s orbit y.
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Figure 5.8: OTA vs. time of various perturbations of the initial center of the
Chief’s orbit y.
5.1.2 Minimizing the Amplitude of the Observation Tool Angle’s
Sinusoidal Motion
An intuitive reader might expect there to be a non-planer Chief orbit
such that the OTA is always 0◦ at the correct ratio between the x and z values
at τ = 0. In fact, for a circular orbit in the orbital plane and small reference
orbits of the LVLH frame, a simplification of the constraint on the initial
conditions at τ = 0 derived from the HCW equations of motion is simply
xC/L
zC/L
=
1√
3
(5.3)
yC/L = x˙C/L = z˙C/L = 0 (5.4)
y˙C/L ≈ −2nxC/L (5.5)
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or
y˙C/L ≡ Energy Matching Condition (5.6)
If this analysis does the same perturbation analysis done in Subsection 5.1.1,
the trajectories are the exact similar in shape, but with an inclination not equal
to 45◦, but equal to 60◦. The OTA vs. Time Figures look distinctly different
however. The OTA functions of time are still sinusoidal, but with a negligible
amplitude approximately making the function linear, thus the respective OTA
vs. Time figures are shown in Figure 5.9 using the same respective legends.
Notice that perturbing in the -y-direction in Figure 5.9c does not result in
negligible amplitudes because the center of orbit is no longer at the origin
and/or the Foreign Object.
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(a) OTA vs. Time for ∆θ0
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(b) OTA vs. Time for ∆ωz0.
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(c) OTA vs. Time for ∆y0.
Figure 5.9: OTA vs. Time for perturbations with a minimal amplitude of the
sinusoidal motion.
This revelation of placing the Chief on an circular orbit in the orbital plane
is immensely important. The OTA is approximately 0◦ and thus the cone of
vision is reduced to a radial line to the center of the Foreign Object for proper
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initial conditions on the Chief’s initial OTA, angular rate, and center of its
orbit. This research has minimized the observation tool’s technical capabil-
ity requirement for cone of vision to a line of vision. This ideal Chief orbit
was not used previously in this thesis because generally the rigid body rota-
tional dynamics is sinusoidal and would be hidden by amplitude minimization
undercutting qualitative, geometric understanding.
5.2 Chief and Deputy Observation
This study analyzed the observation dynamics in Subsection 5.2.1 for
Type 1 Deputy deployment and in Subsection 5.2.2 for Type 2 Deputy deploy-
ment using a Floquet controller.
5.2.1 Observation of Type 1 Deputy Deployment
The Chief and Deputy are situated at Position A for a Type 1 Deputy
deployment activation of a Floquet controller. Both the Chief and Deputy are
aligned to point directly at the Foreign Object such that the OTA = 0◦. The
Deputy’s relative state with origin of the LVLH frame, not the Chief, ρD/C
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after the activation of the Floquet controller is
ρiD/L =
[
xiD/L y
i
D/L z
i
C/L
x˙iD/L y˙
i
D/L z˙
i
D/L
ωx ωy ωz
β0 β1 β2 β3]
T (5.7)
=
[
8.821483× 10−4 km, − 3.528596× 10−3 km, · · ·
8.821500× 10−4 km,
−1.733160× 10−6 km/s, − 1.906477× 10−6 km/s, · · ·
−1.733159× 10−6 km/s,
7.353175× 10−4 rad/s, 0 rad/s, − 7.353175× 10−4 rad/s,
9.105743× 10−1 rad, − 6.471252× 10−2 rad, · · ·
−3.771722× 10−1 rad, 1.562298× 10−1 rad]T (5.8)
In Figure 5.10, the trajectory of the Deputy is co-centric to the trajectory
of the Chief and a similar OTA vs. Time function is expected for both the
Chief and Deputy which is indeed seen in Figure 5.11a. A similar OTA vs.
Time function is important because it means a similar observation tool can
be used for both the Chief and Deputy, and the observation cone of vision is
minimized for optimal coverage of a Foreign Object. The OA in Figure 5.11b
is never equal to 0◦ which is important in preventing the obstruction of the
cone of vision of the Chief by the Deputy or Deputy by the Chief. Though,
remember from Chapter 4 on two 2BP controllers that the Floquet controller
is unbounded and for long period orbits the error will accumulate rendering
the Deputy orbit unbounded and not useful.
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Figure 5.10: Trajectory of the Chief and Deputy observation for a Type 1
Floquet Controller at Position A.
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(b) OA φ vs. Time
Figure 5.11: Observation Tool Angle and Obstruction Angle for the Chief and
Deputy observation for a Type 1 Floquet Controller at Position A.
5.2.2 Observation of Type 2 Deputy Deployment
The Chief and Deputy are again situated again at Position A for a Type
2 Deputy deployment activation of a Floquet controller. Note though that a
Type 2 Deputy deployment is achieved at any position on the Chief orbit,
Position A is simply chosen for a ready comparison with a Type 1 Deputy
deployment in Subsection 5.2.1. Both the Chief and Deputy are aligned to
point directly at the Foreign Object such that the OTA = 0◦. The Deputy’s
relative state with origin of the LVLH frame, not the Chief, ρD/C after the
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activation of the Floquet controller is
ρiD/L =
[
xiD/L y
i
D/L z
i
C/L
x˙iD/L y˙
i
D/L z˙
i
D/L
ωx ωy ωz
β0 β1 β2 β3]
T (5.9)
=
[
0 km, − 2.500001× 10−3 km, 0 km,
−1.712134× 10−6 km/s, 0 km/s, − 1.712133× 10−6 km/s,
7.353175× 10−4 rad/s, 0 rad/s, − 7.353175× 10−4 rad/s,
9.238795× 10−1 rad, 0 rad, − 3.826834× 10−1 rad, 0 rad]T (5.10)
In Figure 5.12, and similar to Figure 5.7, the Deputy trajectory is simply
shifted in the +y-direction as a consequence of a Type 2 Deputy deployment.
Similar results of OTA vs. Time to Figure 5.8 is expected which is indeed the
case in Figure 5.13a. Per Figure 5.13a, the Deputy’s OTA requires a larger
cone of vision than the Chief placing a higher burden on observing the Foreign
Object. The OA vs. Time in Figure 5.13b is also sinusoidal similar to Figure
5.11b, however the vision of the Deputy and the Chief is obstructed by each
other which is detrimental to Foreign Object coverage. In conclusion, a Type 1
Deputy deployment is advantageous for a lower requirement on the cone of vi-
sion for the observation tool, the Chief or Deputy’s vision is never obstructed,
but a the Deputy orbit is unbounded. Conversely, the Type 2 Deputy deploy-
ment is bounded but has a higher requirement on the observation tool and
obstructed Foreign Object coverage.
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Figure 5.12: Trajectory of the Chief and Deputy observation for a Type 2
Floquet Controller at Position A.
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(b) OA φ vs. Time
Figure 5.13: Observation Tool Angle and Obstruction Angle for the Chief and
Deputy observation for a Type 2 Floquet Controller at Position A.
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Chapter 6
Conclusion
This research has begun a preliminary study into a analytical and geo-
metrical understanding of the dynamics of the deployment and observation of
the 2BP, i.e. the dynamics for modern situational awareness for reconnaissance
or observation of resident foreign objects. In Chapter 3 2BP Trajectories, Chief
repositioning trajectories and Deputy deployment trajectories are attainable,
periodic, and ∆v minimizing for time of flight not equal to 0, 0.5 Tp, 1.0 Tp,
· · · . The research also observed asymptotic behavior of the trajectories and
the ∆v cost at time of flight equal to 0, 0.5 Tp, 1.0 Tp, · · · . This knowledge
is useful for an initial guess of non–linear 2BP propagation of repositioning or
deployment trajectories. In Chapter 4 2BP Controllers, an approximate lin-
ear Floquet controller and exact non–linear ∆v impulsive controller for 2BP
translational dynamics was compared and contrasted. In general, the linear
Floquet controller is only useful and bounded for small relative distances in
the LVLH frame as expected, while the non–linear ∆v impulsive controller is
always bounded the 2BP if the dynamics are assumed unperturbed. In Chap-
ter 5 2BP Observation, an observational spacecraft, either Chief or Deputy,
needs to coordinate its initial position and attitude when observing a Foreign
Object to maximize coverage, ideally with a relative, in orbital plane circular
orbit in the LVLH frame.
Future direction for deployment and observation for mission situational
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awareness includes: (i) utilizing higher fidelity gravitational models of Earth
with perturbations such as J2 and atmospheric, or Earth–Moon and Sun–
Earth/Moon systems, (ii) an analysis on observing a well-defined Foreign Ob-
ject such as different shapes and rotations, and (iii) use more robust transla-
tional and rotational controllers for deployment and observation trajectories.
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Appendix A
Simple HCW Equations of Motion Derivation
The non–linear equations of motion for the 2BP in the LVLH frame
with a circular reference orbit are
x¨− 2n0y˙ − n20x =
−µ(a0 + x)
[(a0 + x)2 + y2 + z2]3/2
+
µ
a20
(A.1)
y¨ + 2n0x˙− n20y =
−µy
[(a0 + x)2 + y2 + z2]3/2
(A.2)
z¨ =
−µz
[(a0 + x)2 + y2 + z2]3/2
(A.3)
Take a Taylor series expansion around the position (x, y, z) = (0, 0, 0) because
motion is assumed close to the origin, but make no assumptions about the
velocity. Then, take only the first two terms for a linear approximation, to get
the HCW equations of motion. The Taylor series is approximated as
f(x, y, z) = f(a, b, c) +
df/dx
1!
(x− a) + df/dy
1!
(y − b) + df/dz
1!
(z − c)
+
d2f/dx2
2!
(x− a)2 + d
2f/dy2
2!
(y − b)2 + d
2f/dz2
2!
(z − c)2
+2
d2f/dxdy
2!
(x− a)(y − b) + 2d
2f/dxdz
2!
(x− a)(z − c)
+2
d2f/dydz
2!
(y − b)(z − c) + · · ·
≈ f(a, b, c) + df/dx
1!
(x− a) + df/dy
1!
(y − b) + df/dz
1!
(z − c)
The first set of position associated terms on the left side of Eqs.A.1–A.3 are
−n20x and −n20y. The Taylor series representation of these 1st degree poly-
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nomials are the exact same terms: −n20x → −n20x and −n20y → −n20y. All
differentials are evaluated at the origin (x, y, z) = (0, 0, 0). The second set of
position associated terms are on the right side of Eqs.A.1–A.3. The 1st order
Taylor series approximation is
−µ(a0 + x)
[(a0 + x)2 + y2 + z2]3/2
+
µ
a20
≈ f(0, 0, 0) + df
dx
x+
df
dy
y +
df
dz
z
= − n20a0 + 2n20x+ 0y + 0z
= n20(2x− a0) (A.4)
−µy
[(a0 + x)2 + y2 + z2]3/2
≈ f(0, 0, 0) + df
dx
x+
df
dy
y +
df
dz
z
= 0 + 0x− n20y + 0z
= − n20y (A.5)
−µz
[(a0 + x)2 + y2 + z2]3/2
≈ f(0, 0, 0) + df
dx
x+
df
dy
y +
df
dz
z
= 0 + 0x+ 0y − n20z
= − n20z (A.6)
Substitute in our Taylor series approximations Eqs.A.4-A.6 into our original
equations of motion Eqs.A.1–A.3, to get
x¨− 2n0y˙ − n20x = n20(2x− a0) + n20a0
y¨ + 2n0x˙− n20y = − n20y
z¨ = − n20z
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and rearrange these equations of motion
x¨− 2n0y˙ − 3n20x = 0 (A.7)
y¨ + 2n0x˙ = 0 (A.8)
z¨ + n20z = 0 (A.9)
to get the HCW equations of motion Eqs.A.7–A.9 from the non–linear equa-
tions of motion with a circular reference orbit in the 2BP in the LVLH frame.
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Appendix B
Non–Linear Impulsive Controller Derivation
The goal is to find a non–linear impulsive controller that applies a
minimum ∆v for bounded motion in the 2BP. In previous work, [12] and
optimal control theory, the minimization statement is
∆vtotal = min|∆v|2 (B.1)
such that: ε+D = −
µ
2aL
(B.2)
where
• |∆v| = √∆v2x + ∆v2y + ∆v2z is the minimal impulsive maneuver,
• aL is the semi-major axis of the LVLH frame, and
• ε+D = 12
[
(v−x + ∆vx)
2 + (v−y + ∆vy)
2 + (v−z + ∆vz)
2
]− µ
rD
is the energy of
the Deputy.
The components of the inertial velocity in the LVLH frame are
• v−x = x˙− − f˙−L y + r˙L,
• v−y = y˙− + f˙−L [x+ rL], and
• v−z = z˙−.
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where (x, y, z), (x˙, y˙, z˙) are the position and velocity, respectively, of the
Deputy in the LVLH frame and f˙−L = n, a constant, for a circular (e = 0)
reference orbit of the LVLH frame. Combine the constraints B.2 into the
minimization statement B.1 for the Lagrangian
L = |∆v|2 + λ
(
ε+D +
µ
2aL
)
(B.3)
The partials of the Lagrangian and set to zero
∂L
∂∆v
= 0 (B.4)
to get
∂L
∂∆vx
= 0 = 2∆vx + λ(v
−
x + ∆vx) (B.5)
∂L
∂∆vy
= 0 = 2∆vy + λ(v
−
y + ∆vy) (B.6)
∂L
∂∆vz
= 0 = 2∆vz + λ(v
−
z + ∆vz) (B.7)
and
∂L
∂λ
= 0 =
1
2
[
(v−x + ∆vx)
2 + (v−y + ∆vy)
2 + (v−z + ∆vz)
2
]− µ
rD
+
µ
2aL
(B.8)
Rearrange Equations B.5–B.5 and notice they all equal the same value, i.e.
∆vx
v−x
=
∆vy
v−y
=
∆vz
v−z
=
−λ
λ+ 2
(B.9)
For convenience, say
β =
∆vx
v−x
=
∆vy
v−y
=
∆vz
v−z
=
−λ
λ+ 2
(B.10)
Rearrange Equation B.8 to get initially
(v−x + ∆vx)
2 + (v−y + ∆vy)
2 + (v−y + ∆vy)
2 =
µ(2aL − rD)
aLrD
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Then, factor
(v−x )
2
(
1 +
∆vx
v−x
)2
+ (v−y )
2
(
1 +
∆vy
v−y
)2
+ (v−z )
2
(
1 +
∆vz
v−z
)2
=
µ(2aL − rD)
aLrD
substitute Equation B.10 and solve for β
(v−x )
2 (1 + β)2 + (v−y )
2 (1 + β)2 + (v−z )
2 (1 + β)2 =
µ(2aL − rD)
aLrD[
(v−x )
2 + (v−y )
2 + (v−z )
2
]
(1 + β)2 =
µ(2aL − rD)
aLrD
(v−D)
2 (1 + β)2 =
µ(2aL − rD)
aLrD
v−D (1 + β) = ±
√
µ(2aL − rD)
aLrD
β = − 1± 1
v−D
√
µ(2aL − rD)
aLrD
Now substitute back for β to get our solution for the minimum ∆vD for the
non–linear impulsive controller:
∆vx
v−x
=
∆vy
v−y
=
∆vz
v−z
= −1 + 1
v−D
√
µ(2aL − rD)
aLrD
(B.11)
The negative solution does not correspond to a minimum.
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